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Abstract

We introduce the nonlinear SU (3) charged and hypercharged bosonic coherent
state in three-mode Fock space. It can be further recast into a compact
exponential form. The fermionic case is also discussed.

PACS numbers: 03.65.-w, 42.50.Ar

1. Introduction

Since the pioneering work of Glauber [1] and Klauder [2], the coherent state (CS) |«) has been
widely used in many fields of physics. The photon CS state, defined as the eigenket of the Bose
annihilation operator a|o) = «|a), describes quantum mechanically the state of a laser. Many
generalized CS, such as the angular moment CS [3], conserved-charged CS [4] and fermionic
CS [5], have been established. Another non-Abelian CS, the so-called SU (3) conserved-
charged and hypercharged CS [6], can be constructed in three-mode Fock space [6—8], because
a three-mode isotropic harmonic oscillator possesses a SU (3) symmetry [9]. In other words,
one can represent SU (3) group generators by the three-dimensional harmonic oscillator [10].
The harmonic oscillator representation of the SU (3) generators is [11]

S'=a'Aa (i=12,...,8) (1)
with a' and a defined as
a )
a=<a2> aT=(a'1" a, a;).
as
Al is the Gell-Mann matrix satisfying
A, AJ] = 2i flUkAK 2
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where f/* are the group structure constants. The explicit forms of ' are

st = alTaz + a;al, §* = —ialTag + ia;al

s3 =alTa1 —a;ag s4 =alTa3+a;ra1

= —iafa3 + agal S0 = a§a3 + a;az

§T = —ia;a3 +a;a2 8 = ﬁ(aifal +a;a2 — 2a§a3)

with [a;, a;] = §;;. The representations of charge operator Q and hypercharge operator Y are
given by

0= %(Zaral — a;ag — a§a3) 3)
y= Lt “4)
VA
Due to the fact that Q and Y commute with the product of three modes of annihilation operators
[Q.aiaza3] =0 [Y, a1a2a3] =0 [0.Y]=0 (%)
there must exist their common eigenvector, denoted by |z, v, ¢), which satisfies
Qlz,y.9) =4qlz,y,9) (6)
Yiz,y.q) = ylz. . q) )
araaslz, y, q) = zlz, y, q). ®)

In [6] the explicit form of |z, y, g) is obtained:

Zl

@, 4) ‘”Z [+ y+ @)U +2y — )17

l+y+qg,l+2y—q,l) 9

where |l +y+¢,l+2y —q,[) is a three-mode Fock state, and N,, is the normalization factor:

S (12 o
Nay = [;l!(l+y+q)!(l+2y—q)!:| ' (10)

Another approach to obtaining |z, y, g) (up to a constant factor) is by starting from the usual
three-mode CS |a, B, ¥):

|, B, y) = exp(aa] + Ba) +yal)|000) (1)

then letting
o = A expli(0 +2¢ + )] B = raexpli(0 — ¢ +¢)]
y = Aszexpli(d — ¢ —2¢)]

and by considering a suitable average over two U(1) phases according to the following
expression:

1 2T 2
/ d¢ f dg exp(~i3g9) exp(~i3ye)[a. B, ¥)

477,'2 0
310y 3+ 5 2) q
A E
Md+y+!d+2y — q)!]z

><|l+y+q,l+2y—q,l>—Iz,y,q> (13)
where we have demanded 3¢ and 3y being integers, and
7= )ul)\,Z)x} exp(—ié). (14)

(12)

l




Nonlinear SU (3) charged and hypercharged coherent states 5997

Once we introduce ‘charge’ and ‘hypercharge’ by defining three types of quanta (a; as a3)
possessing fractional ‘charge’ %, —%, —% and ‘hypercharge’ %, %, —%, which corresponds to
the SU(3) quark model in elementary particle physics [11], we can call |z, y, g) the SU(3)
charged and hypercharged CS. For example, if a particle carries charge ¢ = 1, supercharge
y = 1, then from (9) we have the corresponding SU (3) charged and hypercharged CS:

00 !

2 1 1) = Nip Y < 2,0+ 1,0)
1A+ DI+ 21

which states that the quark content of this particle is uud (two u quarks and one d quark). By
considering that quarks are actually fermions, the SU (3) charged and hypercharged fermionic
CS is also constructed in [6].

Recently, another route to generalizing the concept of CS leads to the so-called nonlinear
coherent state (NLCS) [12—17]. One special NLCS could be generated as the stationary state
of the centre-of-mass motion of a laser-driven trapped ion far from the Lamb—Dicke limit [13].
The NLCS is defined as

J(Nalf, a) = alf, a) 15)

where f(N) is an operator-valued function of the number operator N = a’a. Another kind
of NLCS is defined to satisfy the following eigenvalue equation:

fN)a"|a, f) = ala, f). (16)

For example, one can prove that the single-mode squeezed vacuum state and squeezed one-
photon state satisfy equation (16):

2
= 17
N1® S(2)[0) = S(2)|0) a7

[

1) = 1 1
N1% S@I1) = aS(2)|1) (18)
where S(z) is the one-mode squeezing operator:
*

S(z) = exp (%az - %a*z) 7 =rel « = e tanh r-. (19)

A question thus naturally arises: how to construct a nonlinear SU (3) charged and
hypercharged coherent state (NLSUCHCS)? In section 2 we construct bosonic NLSUCHCS,
which can be further put in a compact exponential form. In section 3 we extend the bosonic
NLSUCHCS to the fermionic case, because the quark is a fermion.

2. SU(3) nonlinear charged and hypercharged coherent state—bosonic case

By analogy with the single-mode NLCS, we define the NLSUCHCS |z, y, g) s as the common
eigenvector of the following three operators:

F(Ny, No, Na)arazaslz, y, q) 5 = 212, ¥, q) Ni =dla; (20)
Olz,y,q)y =qlz, ¥, q) s (21)
Yiz,y,q)r = y|z, ¥, q) s (22)

since

[f (N1, N2, N3)ajazaz, Q1 =0 [f (N1, N2, N3)ajazaz, Y1 = 0.



5998 Hongyi Fan and Guichuan Yu

Here the annihilator of three modes multiplied by f (N, N2, N3) means that the annihilating
process is field intensity dependent. Expanding |z, y, ) s in the Fock basis

2y, 4)y Z CountImnl) (23)

m,n, =0

where |mnl) is the three-mode number state:

fm _ftn Tl
-1 =23 1000)

~m!inll!

and then acting Q and Y on |z, y, g) f, as a result of (21) and (22) we see that

|mnl) =

n—I1l=2y—gq m—I1l=y+gq. (24)
Next, operating f (N, N», N3)ajaas on equation (23), we get the recursive relation
z
Con—1n—1.1—
fm—1n—1,0—)Smm "
(m—0D'n—1D! 1
m!n!l! i Jm—k,n—k, I —k)

Cm,n,l =

Ch—in—1,0 (25)

where, without loss of generality, we have assumedm > [, n > . Thus |z, y, q) s is expressed
as

— G Z (za a2a3) (m—Dl(n-1)!

1z y.q)y minll!

)
]_[f(m Fne k’l_k)|m—l,n—l,0) (26)

where Cy = Cp,_; »—1.0 1s the normalization constant. It is desirable to put NLSUCHCS into
a neat exponential form, so from (26) we have

(za, azag)l
V.q)p=C
125 q)s "Z [m—1+0)--ml—1+1)---nll!

lm—1,n—1,0) 7

an(m kn—kl—k)

where
1
[(m—=1+1)---ml[(n—=10+1)---n]

!
1
<] 1 ; ; /
wog J(INi+L =K Ny +1 =K', N3 +1— k')

lm—1,n—1,0)

! 1

- Dl(m—l+k)(n—l+k)f(Nl —T4+k Ny — 1+k, Ny — 1K)
x|lm—1,n—1,0)
! 1

- Dl (NI + K (N2 + k) f(Ny — 14k, Ny — L +k, Ns — 1 +k)
x|lm—1,n—1,0). (28)
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Substituting (28) into (27) and using the operator identity

I
(@jaja)) [ f (N1 + k. Ny + k. Ny + k) = [ f (N, Np, N3)a]ajai] (29)
k=1

we see that the state (26) can be written as the following compact exponential form:
!

1 1
=C falall |y+q.2y —q.0). (30
2.y, 4)y OZI,[NINZf(Nl_lNz_lNg_l)aaz% ly+4,2y —q,0). (30)

One can confirm this result by noticing

af(N) = f(N +1Da a'f(N) = f(N = Da' €2y
1 ToT T —
|:f(N1, Nz, N3)a\azas, NN F N TN LN DY aza{| =1 (32)

so equation (20) is checked. The exponential form (30) is also convenient for us to check (21).
Due to

[Q,aja}all =0 [Y,alajall =0

SO

z foiog
Y, =Cpe
Olz, y C[)f 0 Xp|:N1N2f(N1—1 N, — L. N3_1)a azag]
xQly+q,2y —q,0) =qlz,y,q)y.

In particular, when f(N{, N>, N3) is set to 1, then |z, y, g) y reduces to the ordinary |z, y, g):

Z
12, ¥,q) = Coexp alayal [y +q,2y —q,0). (33)
NN,

In fact, by operating a3 on |z, y, g) we have

Tt
a,a1z,y,q).

Z ot Z
aslz, y,q) = Cy | a3, ex a,aya +q,2y —q,0) =
312, ¥, 9) 0[% p[NlNz 23:|:||y q,2y —q,0) A
Then using alaQﬁafa; =1, we see ajapa3l|z, ¥y, q) = 2|z, y, q). For another case, when
1

Ny, Na, N3) =
TN N NS = R S N s DG 7 D

then |z, y, g) r becomes

Z+/ N3 ;
IZ,y,q)f=CoeXp|:«/Wara2ag} ly+q,2y —q,0). (34)
1V,

Recall that the Susskind—Glogower phase operator is defined as ﬁai, i =1,2,3, so

equation (34) is the eigenvector of the three-mode Susskind—Glogower phase operator.
The NLCS can be generalized to the m-mode case. Its exponential form is
< i

|z, {G}) = exp[ al.. a:| [...,0) (35

Ni..Npy 1 f(Ny=1,...,Ny—1)

where {G} denotes the set of other good quantum numbers, which are eigenvalues of some
independent operators commuting with f(Ny, N, ..., Ny)ajas ... ay, | ..., 0), which is an
m-mode Fock state with the mth mode being vacant. |z, {G}) obeys the eigenvector equation:

f(Nl, Ny, ..., Nyaia; ... amlz, {G}) = Z|Z, {G}) (36)
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3. SU(3) nonlinear charged, hypercharged coherent state—fermionic case

The above discussion can be extended to the fermionic case. Introducing the following
generators:

G =b"Ab (37)

where b' and b denote

by )
b=<b2> b" = (bl b b})

b

and b,, are Fermi operaiors satisfying the anticommutative relation

{ba b} = bap a,f=1,2,3. (38)
With use of the operator identity

[A, BC]={A, B}C — B{A, C} 39
it is easy to verify

[G', G'] = 2ifikGk. (40)
Similar to equations (3) and (4), we introduce the fermionic NLSUCHCS:

Q' = %G3 + %GS = %(21;1191 — biby — blb3) (41)

N S N i i

Y = EG = §(b1b1 +byby — 2b3bs3) (42)
which satisfy

[Q', bibab3] =0 [Y', bibyb3] = 0 [Q.Y']=0. (43)

Let Nyy» = b}b,. By analogy with (20)—(22), we can construct the common eigenvector of
Q' Y, and f(Nip, Nap, N3p)b1bybs, which is denoted by

Q' y.q) s =4ql€.y.q)y Y& y.q)r =yIE y.q)s (44)

S (Nip, Nop, N3p)b1brb3|6,y,q)r =616, y,q) . (45)
Since

[f (Nios Nao, Nap)bibabs P18, v, q) p = =215, v, q) ; = 0

£ must be a Grassmann number with property £ = 0. The Grassmann number anticommutes
with a single Fermi operator. We can derive the explicit form of |€, y, g) y by expanding it in
Fock basis:

&, 5. q) s = Y Im.n, )Com = Y _ b'63B5[0, 0, 0)Cpum m,n,1=0,1.

n,m,l n,m,l
Substituting it into the eigenvector equation (45) we find that
§Coo0 = —f(0,0,0)Ciny
ECpu =0 m-n-1l=#£0.

Then, by taking into account (44) we obtain

qCio0 = 3Ci00 qCoit = —3Con qCii0 = 3Ci1o qCio1 = 3Cio1
qCoro = —1Coro qCoo1 = —1Coo1 qCo0 =0 qCin1 =0.
yCii0 = 3Ciio yCoo1 = —%Cooi ¥Coto = 3Coro ¥Cio0 = 3Ci00

yCon = —3Cont yCio1 = —3Cio1 YCooo =0 yCin = 0.
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Hence |§, y, q) s is

€. 5. 3) = §[1,0,0) 6. —5.—3) =101, 1)
€, 3, 5) =¢€11,1,0) 6. -5, —5) = £10.0,1) (46)
€, -5, 3) =E€11,0,1)  |E,§,—3) =£[0,1,0)
,0,0) =£§10,0,0) 1€,0,0) = f(0,0,0)[0,0,0) +&|1, 1, 1)
or written in an exponential form which is similar in form to (30)
§

&, y,q) = exp[ Tbibi} lv+4,2y —q,0).  (47)

b
NipNop f(1 — Nip, 1 — Nop, 1 — N3p)
This can be checked by using
bNy, = (1 — Np)b b'Ny = (1 — Np)b' Nb'=b"(1=N,)  (48)
and

&
|:f(N1b, Nop, N3p)b1byb3,

NipNop f(1 — Nip, 1 — Nop, 1 — N3p)

Recall thatin [18] the CS formalism is set up for presenting quark and gluon cross sections.
We wish some experimental consequence can be calculated on the basis of such nonlinear
SU (3) charged and hypercharged coherent states.

H@@}:g (49)
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